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Charge balance functions, which identify balancing particle-antiparticle pairs on a statistical basis,
have been shown to be sensitive to whether hadronization is delayed by several fm/c in relativistic
heavy ion collisions. Results from two classes of models are presented here, microscopic hadronic
models and thermal models. The microscopic models give results which are contrary to recently
published pi+pi− balance functions from the STAR collaboration, whereas the thermal model roughly
reproduce the experimental results. This suggests that charge conservation is local at breakup, which
is in line with expectations for a delayed hadronization. Predictions are also presented for balance
functions binned as a function of Qinv.
I. INTRODUCTION
Energy densities of near 10 GeV/fm3 covering volumes of several hundred fm3 are attained in Au+Au collisions
at the Relativistic Heavy Ion Collider (RHIC). Given that the volume of a typical hadron is approximately one fm3,
this far exceeds the energy density of a typical hadron. Therefore, quark and gluon degrees of freedom are expected
to provide a meaningful basis for describing the microscopic motion for several fm/c, until the matter expands and
cools to a point where hadronic degrees of freedom again become appropriate.
The conversion from partonic to hadronic degrees of freedom should be accompanied by a large increase in the
number of quark-antiquark pairs as the entropy stored in gluons and quarks is converted to hadrons, each of which
has at least two quarks. These newly created charges are significantly more correlated to their balancing anti-charges
than those charge pairs created in the early stages of the collision. In fact, these newly created pairs should be more
tightly correlated than pairs from pp collisions. In pp collisions, most pairs are created within the first one fm/c in
the decay of color flux tubes, or strings, which involves the separation of the balancing quarks through tunneling. If
the quarks separate by a distance of 0.5 fm at a time of 0.5 fm/c, they find themselves in regions where the collective
rapidities differ by one unit since the velocity gradient along the beam axis is approximately 1/τ . In contrast, a quark
that is produced at 5 fm/c, and is 0.5 fm from its balancing partner, is separated by only a tenth of a unit of rapidity.
Thus, a measurement of the relative separation of balancing charges would yield invaluable information concerning
whether hadronization was delayed beyond the characteristic hadronic time scale of one fm/c [1].
Charge balance functions provide the means to identify balancing charges on a statistical basis through a like-sign
subtraction. The balance function is defined as a conditional distribution,
B(P2|P1) ≡
1
2
{
N+−(P1, P2)−N++(P1, P2)
N+(P1)
+
N−+(P1, P2)−N−−(P1, P2)
N−(P1)
}
, (1)
where the +/− indices refer to particles or anti-particles. Expressed in words, the balance function measures the
probability of observing an extra particle of the opposite sign with momentum P2 given the observation of the first
particle with momentum P1. Typically, P1 will refer to a particle observed anywhere in the detector, and P2 will refer
to either the relative rapidity ∆y or the relative momentum Qinv. In such a case, the balance function is then labeled
by only one variable, e.g., B(∆y).
The STAR collaboration has recently published the first measurement of charge balance functions in relativistic
heavy ions [2]. Measurements were performed for all charged particles as a function of the relative pseudo-rapidity
and as a function of relative rapidity for identified pions. Indeed, the presence of the extra balancing charges was
apparent and statistics were sufficient to make distributions as a function of the relative rapidity as illustrated in Fig.
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2FIG. 1: Balance functions for charged pion pairs as measured by the STAR collaboration. For each charged pion, there is an
enhanced probability of finding an extra charged pion of the opposite sign within a unit of rapidity. The peripheral data are
well reproduced by the HIJING model which can be considered as being caused by overlapping independent pp collisions.
FIG. 2: The mean widths of pi+pi− balance functions as measured by STAR. For small impact parameters, b the balance
function becomes narrower, qualitatively consistent with expectations for a quark-gluon plasma. For peripheral collisions, the
width matches predictions from HIJING.
1. Remarkably, the width of the balance function in ∆y decreased with the centrality of the collision, qualitatively
consistent with expectations for an increasingly delayed hadronization as shown in Fig. 2.
The purpose of this paper is to compare the behavior seen by STAR with two classes of calculations. First, we
compare to two microscopic hadronic simulations, RQMD[3] and HIJING/GROMIT[4, 5]. Both approaches involve
creating the bulk of hadrons instantaneously according to pp phenomenology with the subsequent rescattering modeled
by a hadronic cascade. As will be seen in Section II these models give qualitatively different behavior than what was
3observed by STAR, i.e., the width of the balance functions increases with the centrality of the collision rather than
decreases. Sections III, IV and V present the formulation and results of a thermal model which inserts charge
conservation into the blast-wave model which has been successful in describing spectra. In this model an ensemble
of particles is simulated from a single thermal domain in such a way that the net baryon number, electric charge and
strangeness are zero. These particles then have their momenta and space-time coordinates re-assigned according to a
blast-wave prescription. The effect of inter-domain interactions, which were shown to be non-negligible in [6], are also
taken into account and described in Sec. IV. The resulting balance functions are in remarkable agreement with the
STAR measurement provided the domain is constrained to being highly localized in coordinate space, as would be
expected in the delayed-hadronization scenario. The final section presents an interpretation of this comparison and
presents a discussion of the prospects for making similar comparisons with K+K− or pp¯ balance functions.
II. BALANCE FUNCTIONS FROM MICROSCOPIC HADRONIC SIMULATIONS
One fm/c after the initial collision the energy densities achieved in Au+Au collisions at RHIC are in the neigh-
borhood of 5-10 GeV/fm3 [7]. In hadronic simulations, hadrons are generated from overlapping nucleon-nucleon
simulations with the creation times typically being less than a fm/c. Thus, such calculations simulate the evolution of
the collision by assuming hadrons are formed and that they propagate in an environment that should preclude their
very existence due to the high energy density. Despite the inherent inconsistency in these approaches, such calcula-
tions are important as they provide a baseline from which one can understand the degree to which novel degrees of
freedom and collective phenomena alter the final state. Here, we present results from several such models. The first is
RQMD [3] which has been the work horse of such models over the the last decade. The second approach represents a
merging of HIJING and a hadronic cascade GROMIT, which, like RQMD, models the final-state interactions through
the scattering of the hadrons. This second approach is less sophisticated than RQMD, but has an advantage in
speed, allowing the compilation of 20 thousand central events. Comparisons with many of the same models have been
performed for charge fluctuations [8], which are intimately related to balance functions [9].
For the purposes of this paper, the important aspect of the simulations is that they provide a model where the
various charges are created early, experience numerous interactions, and are eventually emitted into the final state.
In both RQMD and HIJING/GROMIT, the charges are created principally by the initial fragmentation of strings.
Like other string-based microscopic models [3, 10, 11, 12, 13, 15, 16, 17, 18], these models incorporate a formation
time of the scale of one fm/c. These approaches are significantly different than VNI/URQMD [19], where the initial
stage of the collision is dominated by a partonic (mostly gluonic) cascade. In the string-based models, the created
charges are typically separated along the beam axis by a distance characterized by a one fermi scale. It is convenient
to monitor the particles spatial position along the beam axis with the coordinate η,
η =
1
2
log
(
t+ z
t− z
)
, (2)
where for small distances,
∆η = ∆z/τ. (3)
In string models, as well as in boost-invariant hydrodynamics, η is tightly correlated to the collective rapidity of the
surrounding particles, i.e., ycollective ≈ η. If a pair is created at τ ∼ 1 fm/c, and is separated by nearly a fm, the
separation in η at this time is approximately one unit. Thus, the two particles reside in regions which have a collective
rapidity difference of approximately one unit and they will be swept apart from one another by the collective flow.
Re-interaction only provides a diffusive contribution which further broadens the separation in η.
Figure 3 displays π+π− balance functions from RQMD. Due to a lack of statistics, calculations were performed
assuming a perfect detector. Results are shown for both pp collisions and for Au + Au collisions. Although the
statistics are marginal, the balance function does appear a few percent wider for Au + Au. This is in stark contrast to
the data which show the balance function narrowing by approximately 15%. The results of Fig. 3 are summarized in
Table I. The half-widths were calculated by fitting the balance functions to a Gaussian form, similarly as to what was
done in [2]. Results are also shown for HIJING and HIJING B/B¯ [14] which incorporate different string prescriptions
than RQMD and ignore rescattering. As shown in [2] the widths from HIJING do not change from Au+Au to pp as
expected.
Table I also provides the χ2 per degree of freedom from the Gaussian fit. The discrepancy between the shape of the
balance function and a Gaussian is especially apparent for the calculations for pp collisions which were performed with
a large event sample of 40,000 events. Unfortunately, similar statistics were not attained for the other calculations.
Similar results were obtained with the HIJING/GROMIT treatment as can be seen in the lower panel of Fig. 4.
Since the statistics are improved relative to the RQMD calculation, a simplified version of the STAR acceptance was
4FIG. 3: pi+pi− balance functions for RQMD are shown for both pp and Au+Au collisions assuming a perfect detector. In
contrast to the experimental results of [2], the balance function is slightly broader for central Au+Au collisions.
TABLE I: Half-widths of balance functions calculated with RQMD, HIJING and HIJING BB¯. Experimental acceptance was
not taken into account for these calculations.
MODEL b(fm) half widths χ2/n.d.f.
RQMD(AuAu) 0-3 1.56± 0.11 1.16
RQMD(AuAu) 3-5 1.42± 0.11 1.1
RQMD(AuAu) 5-7 1.41± 0.11 2.0
RQMD(AuAu) 7-10 1.39± 0.11 2.9
RQMD(AuAu) 10-14 1.32± 0.11 1.0
RQMD(pp) 1.48± 0.11 5.49
HIJING(AuAu) 0-3 1.14± 0.11 0.92
HIJ/B¯(AuAu) 0-3 1.24± 0.08 0.55
HIJING(pp) 1.18± 0.02 5.51
taken into account. Pseudo rapidities were confined to mid-rapidity, |η| < 1.1, transverse momenta were required to
be greater than 100 MeV/c and the magnitude of the momenta was confined to be less than 700 MeV/c. In this case,
both curves represent Au +Au collisions, but in one case the re-interaction has been ignored. As with RQMD, the
inclusion of hadronic scatterings appears to marginally broaden the balance function.
The upper panel of Fig. 4 shows analogous results from GROMIT/HIJING binned in Qinv rather than the relative
rapidity. Here, the balance function is slightly narrower after the inclusion of re-interactions. The difference of
the Qinv and ∆y binnings derives from two effects. First, during the re-interaction stage, the matter cools, which
reduces the thermal contribution to the width of the balance function. The cooling affects all three dimensions of
relative momenta. Secondly, the mean pt decreases due to loss of transverse energy that accompanies the longitudinal
expansion. Since the relative rapidity is related to the relative momentum via Qlong ∼ mT∆y, where mT is the
transverse mass, a reduction of the average transverse mass will result in a narrower balance function when plotted as
a function of Q when the width of the balance function in relative rapidity is unchanged. Thus, part of the discrepancy
between GROMIT/HIJING and data can be attributed to the failure to describe the behavior of the mean transverse
mass as a function of centrality, which increases by ∼ 10% for central collisions in experiment. As described in [6],
failure caused by a model not fitting the pt spectra vs. failure stemming from not describing the dynamics of charge
balance can be better distinguished by analyzing the balance functions in Qinv, or better yet, Qout, Qside and Qlong.
Another striking aspect of Fig. 4 is the disappearance of the ρ peak for Qinv near 700 MeV/c. This is also a natural
consequence of cooling which lowers the ρ/π ratio as the temperature falls to near 100 MeV near breakup.
III. THE CANONICAL BLAST WAVE MODEL
One of the most notable results from the first two years of RHIC data is the success of the blast-wave model in
describing spectra, particle yields and correlations. The blast-wave model provides an especially important benchmark
5FIG. 4: Balance functions for HIJING with and without the hadronic cascade GROMIT are shown as a function of the rapidity
difference in the upper panel and as a function of Qinv in the lower panel. These results have incorporated the STAR acceptance,
but not the efficiency. The incorporation of the cascade leads to a slightly broadened balance function when analyzed as a
function of ∆y and a narrower balance function when analyzed as a function of Qinv. This apparent contradiction derives from
the failure of both this model and RQMD to correctly describe the dependence of 〈pt〉 as a function of centrality.
for balance functions. Assuming that emission from the final state has a thermal character, the narrowest balance
function would constrain charges and their balancing partners to be emitted from identical space-time regions. The
width of the balance function would then be determined principally by the breakup temperature, and to a lesser
degree by the resonance composition [20]. If the evolution of the reaction was characterized by an expanding charge-
less long-lived gluonic mire which hadronized close to the breakup, it would be natural to confine particles and their
balancing charges to be emitted in close proximity. Relaxing this constraint by incorporating non-zero correlation
lengths can only broaden the balance function [6].
Since charge conservation is local, and since the charge does not have time to mix throughout the entire collision
volume, one needs to choose a volume for performing the canonical calculations. This scale should be determined by
the distance charge might diffuse by the time the system has reached chemical freeze-out. We refer to each of these
sub-volumes as a domain and view the entire system as a collection of independent domains.
Of the numerous variations of the blast wave model [21, 22, 23, 24, 25], we employ a simplified version of this
model, where emission occurs at a single proper time from thermal sources moving with a linear velocity profile. The
model is characterized by a kinetic freeze-out temperature Tk, a chemical freeze-out temperature Tµ, the velocity at
the edge vmax and the maximum radius R. The extent along the beam direction is assumed to be infinite and the
distribution of domains is assumed to be uniform in the transverse direction.
dN
rdr
=
{
constant, r < R
0, r > R
(4)
6The transverse rapidity of domains, yt,domain, is assumed to follow the position r.
yt,domain = yt,max
r
R
. (5)
The longitudinal rapidity of the domain, ydomain is chosen randomly within ±3 units of zero. Since thermal rapidities
are on the order of one to two units, this effectively represents a boost-invariant source. For this study, we assume
that every particle in a given domain is emitted from a thermal source moving with the velocity of that domain. If
the domain has a significant spatial extent in the beam direction, the source rapidities would be spread around the
domain rapidity by a finite amount which would broaden B(∆y) [6]. Thus, the balance functions shown here represent
the narrowest possible result for a thermal model. The only way to provide further significant narrowing would be to
lower the breakup temperature, which would require a corresponding increase in the transverse collective flow.
The simplest model of each source would be that of particle/anti-particle pairs, i.e., each π+ would be balanced
by a π− and each K+ would be balanced by a K−. However, charge mixing and chemical equilibration spreads the
balancing of charge among multiple constituents. For instance the electric charge and strangeness of a K+ might be
balanced by a p¯ and a Λ. To account for these effects, we generate all the particles from a source in a manner which is
consistent with the canonical ensemble. The chemical composition of each source will be governed by a volume Vµ, a
temperature Tµ, and the constraint of zero net electric charge, strangeness, isospin projection I3, and baryon number.
After generating the particles with Tµ = 175 MeV, the particles will have their momenta reassigned according to the
blast-wave prescription mentioned above with a break-up temperature, Tk = 120 MeV, and a maximum transverse
flow velocity of 0.7c. The particles are given coordinates corresponding to the position of the domain and are then
boosted by the domain velocity. Mesons were chosen from the flavor octet and singlet ground state pseudoscalars and
pseudovectors, while baryons were chosen from the ground state baryon decuplet and octet. The particles were then
decayed according to measured decay rates and branching ratios[26].
In order to perform the Monte Carlo generation of particles from a given thermal source, one must first calculate
the canonical partition functions for a fixed charge ~Q and a fixed number A. This is accomplished by employing
recursion relations, which have been applied to a variety of problems in nuclear statistical physics where charge and
symmetry constraints play an important role. These applications include multifragmentation [27, 28, 29], nuclear level
densities [30], isospin distributions for pions [31] and a parton gas confined to a color singlet [32]. For the calculations
presented here, Bose and Fermi effects will be neglected and only additive charges will be considered. This results in
a straight-forward recursion relation for the partition function.
Z
A,~Q
(T, V ) =
∑
k
ak
A
ωk(T, V )ZA−ak, ~Q−~qk(T, V ), (6)
where k labels the particular species, e.g., π+, π0, p, ∆++. The partition function of a single particle of type k is ωk.
The number A counts the sum,
∑
k ak, where ak can be any positive integer. Since the method will consider all A,
the choice of ak is arbitrary. We choose ak to be unity for all stable particles and to equal two for unstable particles.
Generating a set of particles from one domain is performed with the following steps,
1. Generate the partition function, Z
A,~Q
(T, V ) for all A and ~Q.
2. Choose a number of hadrons, A, proportional to the weight ZA,~Q=0.
3. Choose a species k proportional to the weight ωkZA−1, ~Q−~qk/ZA,~Q.
4. Return to step 2 after replacing, A→ A− ak, ~Q→ ~Q− ~qk.
This procedure naturally ends when A = ~Q = 0. Since particles from one domain are uncorrelated with particles from
another domain, the balance function need only sum over pairs from the same domain.
To prove that this prescription is consistent with the partition function, one must show that there is an equivalence
between the partition function and a sum over weights of independent ordered paths. Each path P(A, ~Q;n, k1 · · · kn)
is an ordered list of n particles, k1 · · · kn which sums to the correct A and ~Q. One can then assign a weight for each
path,
w(A, ~Q;n, k1 · · · kn) ≡
n∏
i=1
ωkn
akn∑
i≤n aki
. (7)
One can then define Ω(A,Q) as the sum over such paths that yield A and ~Q.
Ω(A, ~Q) ≡
∑
n,k1···kn,s.t.
∑
aki=A,
∑
~qki=
~Q
w(A, ~Q, k1 · · · kn). (8)
7Since the contribution from each path is a product, and since the last term can be written in terms of A, ~Q and the
properties of kn, one can write a recursion relation for Ω(A, ~Q) by factoring the last term,
Ω(A, ~Q) =
∑
kn
akn
A
ωknΩ(A− ak, ~Q− ~qk, k1 · · · kn), (9)
which is the same recursion relation used for the partition function. Furthermore, since Ω(A = 0) = Z(A = 0) = 1,
Ω and the partition function Z are identical. Once the partition function can be identified as a sum over weights of
independent paths, one can justify the Monte Carlo procedure outlined above.
Since charge conservation is enforced on a domain-by-domain basis, there are no inter-domain contributions to the
balance function from this procedure. This greatly accelerates calculation as one need only consider pairs from within
the same domain when calculating the distributions N+− · · · used to construct the balance function.
The resulting balance functions are only sensitive to the choice of domain volume if the volumes are near or below
a few dozen fm3. For the calculations presented later in this paper, the volume was chosen to be 64 fm3. This would
imply, that at the point where chemical freeze out occurs, charge conservation is enforced on a length scale of ∼ 4
fm. If one were to choose a much smaller volume, the likelihood that the charge of a π+ would be balanced by a π−,
vs. the likelihood of being balanced by an assortment of other particles, would be increased by several percent. This
would result in a larger normalization for the π+π− balance function.
IV. INTERDOMAIN CORRELATIONS
The philosophy of the balance function is predicated on the assumption that the background subtraction in the
balance function’s numerator will statistically isolate balancing pairs. Of course, one must consider the spread of
the balancing charge among other hadrons in the same domain. This was taken into account with the Monte Carlo
procedure outlined in the previous section. This procedure accounts for strong interactions between neighbors, but
only those resonant interactions included in the list of particles. For example, the interaction π+π− ↔ ρ0 would be
included by incorporating the ρ0 into the resonance list. Given that resonances alter the shape of the balance function
at the 10% level, and that two-particle phase shifts are largely driven by resonant interactions, this procedure should
crudely account for the strong interaction between neighbors.
Unfortunately, the procedure thus far does not account for the Coulomb interaction which was shown to be non-
negligible in [6]. The method also ignores non-resonant strong interactions between neighbors and correlations from
identical-particle interference. The long-range Coulomb interaction is especially important as it extends beyond the
particle’s neighbors to those particles generated in separate domains. A charged particle will effectively polarize
other pairs increasing the likelihood that a particle of opposite charge is emitted at smaller relative momentum than
the balancing charge. This results in an enhancement to the balance function at relative momenta less than a few
hundred MeV/c and a suppression at larger relative momentum. Non-resonant strong interactions can also affect the
balance function since they provide a correlation between like-sign pairs that is different from the correlation they
induce between unlike-sign pairs. Finally, identical particle interference can affect balance functions by increasing
the probability that two charges of the same sign have small relative momentum. This results in a hole in the
balance function for relative momenta below ∼ 100 MeV/c. However, the Coulomb again dominates at very low
relative momentum and a sharp peak is expected for relative momenta near or below 10 MeV/c. Since the Coulomb
interaction is long range, interdomain correlations from Coulomb interactions increase with the centrality of the
collisions because a given particle will be correlated with an increasing number of other particles as the multiplicity of
the collision is increased. Correlations from short-range interactions should be less sensitive to the multiplicity since
the number of neighbors depends principally on the breakup density rather than the system size. The distortion from
identical-boson interference will be confined to a decreasing range of relative momentum as the system size increases.
However, since there is an increasing number of particles per element of momentum, the magnitude of the distortion
increases with centrality while the range of the distortion shrinks.
In [6] the interdomain correlation was modeled by generating two pairs of particles, a1, a2 and b1, b2. The particles
a1 and a2 were antiparticle reflections of one another, as were the particles b1 and b2. In the limit of small domains,
where the multiplicity of a domain is never more than two, this is equivalent to the present problem. The effects
of the interdomain Coulomb force was included by calculating a correlation weight formed by the product of all
two-particle interdomain correlation functions, WAB = Ca1,b1(pa1, pb1)Ca1,b2(pa1, pb2)Ca2,b1(pa2, pb1)Ca2,b2(pa2, pb2).
Each two-particle correlation function was generated from a simple Gaussian source functions. For each set of pairs
the weight was applied to all the distributions, N++, N+− · · · , used to calculated the balance function numerators as
well as the one-particle distributions, N+ and N− used to form the balance-function denominators. For each ab pair,
the number of cd pairs sampled was chosen to achieve consistency with the experimental multiplicity.
8The method of [6] has two shortcomings. First, the product ignored correlations of correlations. For instance, the
product CacCad neglects the fact that if a and c are correlated, than they are more likely to have been close to one
another in coordinate space, therefore a and d would more likely be close to one another since c and d are from the
same domain. The more obvious limitation of this approach is that it can not handle the chance that the domain
consists of several dozen particles, with the constraint of charge conservation being spread throughout the domain.
The first shortcoming can be accounted for by replacing the product of correlation functions with a product of
squared wave functions,
WAB =
〈 ∏
a∈A,b∈B
|φab(pa − pb, xa − xb)|
2
〉
. (10)
Here, φab is the relative wave function for an outgoing plane wave with asymptotic relative momentum, pa − pb, and
the averaging covers the distribution of source points xa and xb. If the expectation of the products of the squared wave
function were replaced by the product of expectations, Eq. (10) would become the product of correlation functions,
and would be equivalent to the method of [6] in the case where each domain had two particles.
The pairs were generated according to the blast wave prescription described in the previous section, with both
particles from a given pair being assigned the same point in coordinate space. Balance-function numerators were
then calculated using only the two pairs, and ignoring the contribution where both particles originate from the same
pair. Rather than incrementing a bin by unity when an appropriate pair is found, the quantities N++ and N+− were
incremented by WAB. Since the source of the pairs was confined to a region of −ηmax < η < ηmax where ηmax = 2,
the balance function is then scaled upwards by a factor of the number of pion pairs which should be emitted within
the central four units of rapidity. For the calculations in this paper it was assumed that the number of pairs would
be 200 per unit rapidity.
For a perfect detector, the weight WAB is added to both N++ and N+−. Thus, the normalization for the balance
function is unchanged by inter-domain correlations, i.e., the inter-pair interactions effectively polarize the pairs but
they do not enhance the overall number of one charge vs. another. This constraint is relaxed after detector acceptance
is taken into account.
We believe that this estimate of the distortion from interpair correlations can only be trusted at the 20% level.
First, some of the pions are emitted from long-lived resonances and should not contribute. Accounting for these effect
should reduce the effect by several tens of percent. Other aspects of the approximation, such as neglecting interactions
with other particles and requiring both particles from a given pair to originate from the same point, may also affect
the answer at the 10% level.
Wave functions for a pair ab were calculated using full Coulomb wave functions. As only π+π− correlations are
being considered here, the wave functions were only symmetrized if a and b were identical pions. Strong interaction
corrections were also only applied if a and b were pions. The wave functions were modified by the strong interaction
using the methods reference [33]. In [33] the wave functions for |x1 − x2| > 1 fm were calculated using phase shifted
partial waves, while effective squared wave functions were applied for small distances. These effective forms were also
completely determined by the phase shifts. The phase shifts for π+π− were taken from experiment whenever possible.
Unfortunately, they are not well understood for invariant masses above the two-kaon threshold.
The dominant phase shift is in the ℓ = 1, I = 1 channel which is driven by the ρ resonance. A Breit-Wigner function
was applied for this channel.
tan δ =
ΠI
M20 −M
2
, (11)
ΠI = ΠI,0
M0
M
(
q
q0
)3
F (q, q0), (12)
ΠI,0 = Γ0M0. (13)
(14)
The ℓ = 0, I = 0 channel also plays an important role in affecting the wave function. Although phase shift analyses
do not reveal a sharp peak as in a resonance [34, 35, 36, 37, 38], the phase shifts are considerable, rising steadily
from zero at threshold to approximately 90 degrees at M = 2MK ∼ 1 GeV, where the kaon channel opens. At
the two-kaon threshold, the behavior of the phase shifts becomes complicated and an inelastic treatment becomes
warranted. Since one uses derivatives of the phase shifts to find the density of states, interpolating data for phase
shifts can be dangerous due to noise in the experimentally determined phase shifts. Thus, we apply a simple form
9that describes the general behavior,
tan(δI=0,ℓ=0) =
aq
1− (q/a2) + (q2/a23)
, (15)
a = 0.204/mπ, a2 = 290 MeV/c, a3 = 625 MeV/c. (16)
The coefficient a is chosen to reproduce the scattering length, which is small due to constraints from chiral symmetry
[34, 39]. The remainder of the denominator is chosen to provide crude agreement with measured phase shifts up to
invariant masses of 1 GeV. Since the phase shift rises only half as high as the I = 1, ℓ = 0 phase shift, and since it
contributes only one third as much from a lower spin degeneracy, this channel has a fairly marginal impact on the
wavefunctions.
Other phase shifts also contribute: (I = 2, ℓ = 0), (I = 0, ℓ = 2) and (I = 2, ℓ = 2). Since none of these phase
shifts exceed more than a few degrees, they make nearly negligible contributions to the density of states. For the
(I = 2, ℓ = 0) channel, we apply an effective range expansion [40],
tan δ =
qa
1 + aq2Reff/2
, (17)
a = −0.13(MeV/c)−1, Reff = 1.0fm. (18)
For the (I = 0, ℓ = 2) phase shift, the data [41] are rough, and we make a simple expansion,
tan(δI=0,ℓ=2) = ax
5, x =
q
1 + q2/Λ2
, (19)
where a = 6.2 GeV−1, Λ = 1 GeV/c. For the (I = 2, ℓ = 2) partial wave, we use the same expansion [40] with the
parameters a = 8.4 GeV−1 and Λ = 0.4 GeV/c. Although none of the these last three channels are particularly well
understood, it is clear they do not have a substantial impact on the result.
V. CANONICAL BLAST WAVE RESULTS
Calculations for the canonical blast-wave calculations described in Sec. III and Sec. IV were performed assuming
a temperature of Tk =120 MeV and a maximum transverse velocity of 0.7c to provide crude agreement with spectra.
The transverse radius was chosen to equal 13 fm and the breakup time τ was chosen to be 10 fm/c to reproduce HBT
results. The chemical composition was governed by a temperature Tµ = 175 MeV as suggested by fits of the particle
yields [42].
Figure 5 displays results for balance functions analyzed in both ∆y and Qinv. The acceptance and efficiency of
the STAR detector have been applied to the calculation of the distributions that are used to construct the balance
function. These accepted particles include products of weak decays of strange baryons and Ks mesons. Results are
shown both with and without the contribution from inter-domain correlations. Since the interaction of π+π− pairs
through the ρ0 meson was incorporated into the relative wave functions, the contribution from ρ0s were eliminated
before the inter-domain correlations were added.
The relative contribution of resonances and strong interactions can be estimated by considering the chance that a
charged pion originated from a resonance that also produced a pion of the opposite charge. Although such estimates
suggest contributions on the level of 10 to 20%, they seem less visible when viewing the results. This is because the
separation of a π+π− pair in momentum is not much different coming from a resonance as compared to a distribution
governed by two Boltzmann terms. In fact, the largest inter-domain effect derives from the Coulomb interaction which
moves some of the strength of the balance function to smaller relative momentum.
An absolute comparison with STAR results is displayed in Fig. 6. Both the height and width of the correlation are
remarkably well matched by the thermal model. Since the canonical blast-wave calculation assumed the balancing
charges were always emitted from sources moving with the same velocities, this represents the narrowest possible
balance function one can generate with a final breakup temperature of 120 MeV. This appears to corroborate the
scenario of late-stage hadronization, i.e., the existence of the quark-gluon plasma.
Before claiming that Fig. 6 provides “proof” of the delayed hadronization, it is important to list a few qualifiers.
First, the breakup temperature might be lower than the 120 MeV assumed here. Some estimates of the breakup
temperature are near 100 MeV [25], though after the inclusion of resonances, the temperatures are usually closer to
120 MeV. It should be kept in mind that an anomalously high yield of light neutral hadrons, e.g., η mesons, could
result in a narrower balance functions. A lower temperature or high η yield would narrow the balance function and
permit the incorporation of a finite spread in the domain size along the beam axis. In reference [6] it was shown
that since the thermal and diffusive contributions add in quadrature, the diffusive contribution is negligible unless the
charge separates in coordinate space by of the order of one half unit of ∆η = ∆z/τ or more.
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FIG. 5: Balance function results for a pion gas (dotted lines) and for a resonance gas (dashed lines) are shown for the canonical
thermal blast-wave model. Resonances clearly narrow the balance function when plotted against Qinv (upper panel) but have
little effect on the balance function when plotted as a function of the rapidity difference (lower panel). Balance functions
corrected for interpair correlations (solid lines) again differ when plotted as a function of Qinv. The additional distortion arises
from the effects of Coulomb, symmetrization and a more sophisticated treatment of the strong interaction.
FIG. 6: Balance functions from 200A GeV Au+Au collisions measured by STAR are compared to the canonical blast-wave
model described in the text. The model should set a lower bound for the width of a balance function provided the particles
are emitted thermally. The remarkable agreement with the data suggests that charge conservation remains highly localized at
breakup.
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VI. SUMMARY
The observed narrowing of the balance function is both qualitatively and quantitatively consistent with the scenario
of delayed hadronization, which should result in the separation of balancing charges being determined primarily by
the collective flow and temperature of the breakup stage. The experimental results were well fitted by a canonical
blast-wave calculation assuming a temperature of 120 MeV and a maximum transverse collective velocity of 0.7c. By
lowering the breakup temperature and raising the collective flow in the model, one should still be able to describe the
pion spectra while producing a balance function that is even narrower than that observed experimentally. This would
then allow one to accommodate a significant longitudinal size for the charge-conservation domains in the thermal
model. This ambiguity would be clarified by a multi-dimensional analysis of the balance function in the relative
momenta of the pions. If the charge production is indeed delayed, the width of the balance function should be the
same for Qout, Qside and Qlong [6].
Furthermore, the observations are opposite to the behavior predicted by purely hadronic models which predict a
modest broadening of the balance function as centrality is increased. Unfortunately, the width of the balance function
in relative rapidity is significantly affected by both the final temperature and the collective flow of the matter. Since
HIJING/GROMIT gives the wrong behavior for the mean pt as centrality increases, some of the failure to describe
the centrality dependence of the balance function might derive from the inability to reproduce spectra rather than
an inability to correctly describe the mechanism for charge production. This ambiguity would also be resolved by a
multi-dimensional analysis.
The measurement, analysis and phenomenology of charge balance functions is in its nascent stage. Nonetheless,
the first analysis of RHIC data already provide important limits for understanding the production and separation of
balancing charges in central gold collisions. There is tremendous promise for this class of observable as it is extended
to more dimensions and to more species, e.g., p¯p and K+K−. These more detailed analyses should then provide a
fingerprint for making unambiguous statements concerning the production and dissipation of charge in collisions at
RHIC. Since delayed hadronization is synonymous with delayed production of charge, these measurements can address
the fundamental question of whether a new phase of matter has been created at RHIC.
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